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1. INTRODUCTION 
Let p be an odd prime. Chowla [l] has proved the following theorem. 
THEOREM. The m = (p - 1)/2 real numbers cot(2ra/p), a = 1, 2,..., m 
are linearly independent over the$eld Q of rational numbers. 
Other proofs have been given by Hasse [2] and by Iwasawa [3]. The 
latter author establishes a connection between Chowla’s theorem and the 
class number of the cyclotomic field Q(p) where p is a primitive pth root 
of unity. 
The purpose of this article is to give yet another proof of Chowla’s 
theorem (which has no special advantage over other proofs except possibly 
in length). 
2. PROOF OF THE THEOREM 
Let p denote a primitive pth root of unity and 5 a primitive (p - 1)-st 
root of unity. Let x be a character modp and let 
be the Gaussian sum corresponding to the character x. T(X) belongs to 
Q(p, 5) the field obtained by adjoining both p and 5 to Q. We first observe 
that [Q<p, 5) : Q(n] = p - 1 and the Galois group of Q(p, 0 over Q(5) is 
given by the mappings u’, : p + pa (a = 1, 2,..., p - 1). Using these facts, 
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we show that the T(X) are linearly independent over Q(c). Suppose indeed 
that there exist C, E Q(5) such that 
then, applying the mappings (TV , we get 
pzxTo~($=o, a= 1,2 ,..., p-l. 
x 
But 70+) = R(U) +); hence, 
~C,~(U)7~)=0, Q= 1,2 )..., p-1. 
x 
Since the matrix l>i(~)],,~ is nonsingular, it follows that C, = 0 for all x. 
Now, taking the logarithmic derivative in the formula 
sin2 = 2 fi (1 - -&-)(l + $) 
W-1 
and replacing z by 2qp, we get 
where the sum is to be interpreted as grouping the positive and negative 
terms together. The formula is neater in the above form, as has been 
observed by Siegel. 
Consequently, from (I), 
27rI Lot - 
P ( ) P = *; (x@O - x(-W a RI* 
Note that, although the sum is over all characters, the principal character 
does not appear; in fact, 
25 cot (“) 
P P = pq -c 
x(0 UL RI, 
x( lb=-1 
(2) 
the summation being over those characters x for which x(-l) = -1. 
For these characters however, we have the classical formula of Dirichlet, 
UL x> = - ; 3 y 2x(t). 
t-1 
(3) 
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Put a, = C,“r tx(t); then a, E Q(l) and, since L(1, x) # 0 (x nonprincipal), 
then a, # 0, T(X) # 0. 
Suppose then that there exist C1 E Q such that 
0 = f C,cot($g; 
I=1 
then, from (2) and (3), 
= m 2x(2) c- 
k1P - 1 
Cl 2 x(l)'oa- 
x(-lb-l PdP x’ 
This implies that 
x(-g=-1 [a2 2 czxw] 4x1 = 0. 
kl 
The quantity in brackets is in Q(c); hence, by the linear independence 
of T(X) we conclude that, since a, # 0, 
f Gx(O = 0 
14 
for the m characters x such that x( - 1) = - 1. But the matrix 
[x(01 u = 1, z..., m; x(-l) = -1) 
is nonsingular. Hence C, = 0 for I = 1, 2 ,..., m, as required. 
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